Using the finite difference time domain method, we calculated light propagation characteristics in a two dimensional photonic crystal, which is composed of triangular lattice airholes in a third-order nonlinear medium. The results showed the characteristic change of the transmission spectrum resulting in the strong saturation of the response, and the sufficiently low transmission loss with the help of projection-type airholes at input and output interfaces. The three-dimensional calculation also indicated the low transmission loss obtained in a realistic photonic crystal slab. Such characteristics are expected in a continuous spectral range near the À point of the second photonic band, owing to an overlap of two bands, which is unique in the two-dimensional lattice. It is applicable for an all-optical switch, an optical power limiter, a pulse reshaping device, and so forth.
Introduction
Photonic crystals (PCs) are expected to provide various microoptic components usable as a bulk device or an integrated device. There are many theoretical and experimental reports on PC lasers [1] [2] [3] and waveguides. 4, 5) However, quantitative discussions on light control devices are limited. One of the devices desired is a third-order nonlinear device used for high speed all optical switching, pulse reshaping, and so on. 6) Regarding the enhancement of the third-order nonlinearity, some theoretical and experimental studies were carried out for one-dimensional (1-D) PCs with defect cavities. [7] [8] [9] [10] The enhancement mechanism in the 1-D PCs is the localization of optical energy by the resonance. It is essentially the same as those classically discussed for a Fabry-Perot etalon. Therefore, the points of interest are whether the enhancement mechanism in higher dimensional PCs is the same and whether higher dimensional PCs provide some unique characteristics that cannot be obtained in 1-D PCs and cavity etalons. Although several reports numerically demonstrated the spectral shift, the switching function and the bistability [11] [12] [13] in two-dimensional (2-D) PCs, they did not clearly answer the above questions.
Previously, we reported the preliminary calculation of a light transmission spectrum in a PC with the third-order nonlinearity. 11) In that study, we employed the finite difference time domain (FDTD) method with Tran's algorithm. 7) In this paper, we give the details of the spectral change and discuss the relationship with the complex transmission spectrum in the linear regime, photonic bands, anomalously large group index and the optical confinement in the nonlinear medium. In §2, we will describe the calculation method and the 2-D PC model, and explain assumptions arising from the restriction of this calculation method. In §3, we will show transmission spectra in the model, and discuss what is the enhancement mechanism, which photonic band is effective, and how the response and the phase shift are modified. We will indicate that the nonlinear response calculated is applicable to an all-optical switch, an optical power limiter, a pulse reshaping device, and so forth. Finally in §4, we will show that the transmission loss can be sufficiently low in such devices, even when a photonic crystal slab is employed. Figure 1 shows the calculation model and the Brillouin zone of the PC. The PC is composed of triangular lattice airholes having a refractive index of 1.0 and infinite height in the z-direction. The background medium has linear permittivity " ¼ n 2 " 0 and the third-order nonlinear susceptibility ð3Þ , which define the polarization density in the SI units as
2-D Calculation Model
E 3 for the electric field E. We used background index n ¼ 3:065, referring to the typical modal index of a semiconductor slab sandwiched by air, 14) since the modal index is sometimes used in the approximate 2-D analysis of the PC slab. Here, we do not discuss concrete nonlinear materials, since the purpose of this study is to generally discuss optical properties of the PC, which contributes to the nonlinearity enhancement. For simple calculation, we ignore the optical absorption, the carrier excitation and the dispersion, which are strongly related to each other and sometimes discussed with the nonlinearity. Thus, ð3Þ assumed here is always real, constant and isotropic without off-diagonal tensor terms, and has the infinitely high speed response. The diameter of airholes 2r normalized by the lattice pitch a is 0.538. This value is also typical for the PC slab.
15) The length of the PC is fixed to nine periods of ffiffi ffi 3 p a=2 length in the À-X direction, while it is infinite in the À-J direction. The incidence of the plane wave light is fixed in the À-X direction with the polarization parallel to the 2-D plane, which is sometimes called TE in this research field. (A similar discussion may be possible for the À-J direction and the orthogonal polarization.) To simulate the above condition, we use the unit cell model terminated by the simple periodic boundary condition in the À-J direction, while we use a long but finite model in the À-X direction, which is terminated by Berenger's perfect matched layer (PML) absorbing condition. The length in the À-X direction is determined so that the incident optical pulse and the reflected one are spatially separated from each other. To suppress the reflection from the PML to the lowest limit of the calculation accuracy, 256 PML layers with slowly changing parameters are used for each boundary. In the preliminary calculation, we noticed that the initial excitation in the nonlinear medium seriously affected the stability of calculation. Therefore, in this model, the nonlinear background medium is only assumed around the PC and a uniform linear medium with the permittivity " is connected to the nonlinear medium in front of and behind the PC. Therefore, it should be noted that calculated results in this paper are slightly influenced by reflection at these interfaces of 0.17-7.1%. In Tran's algorithm, E is not directly calculated from the magnetic field H. First, the electric displacement D is calculated from H, and then E is calculated by solving the third-order equation
The incident wave is uniformly excited on line A in Fig. 1 . The time dependence of the incident wave is a sinusoidally-modulated Gaussian pulse with various normalized center frequencies !a=2c and constant spectral full-width at 1=e maximum Áð!a=2cÞ ¼ 0:01. The full-width at 1=e maximum ÁT of the optical pulse is given by 4a=½cÁð!a=2cÞ, so it is constant against a constant a. For example, ÁT is 212 fs for a ¼ 0:5 mm. It is obvious from the above equation that odd higher order nonlinear waves, i.e., 3!, 5!, etc., are excited by the nonlinearity. Figure 2 shows examples of simulated field profiles and spectrum of light. In this particular case, we used the finite size model whose all four sides were terminated by PML and the incidence of the continuous sinusoidal wave for the better understanding of light propagation. Since an extraordinary strong intensity of the incident wave was assumed here, the fast oscillation caused by harmonic waves is clearly observed in the nonlinear PC. To maintain the stability of the algorithm not only for the fundamental wave but also for the harmonic waves (at least for the third order harmonic wave), the lattice pitch a is described by 60 Yee cells in this calculation. Under this condition, Yee cell is smaller than 1/30 of the shortest wavelength in the medium in the overall calculations described in §3. The time step of the calculation Át is determined by Courant's condition. The calculation is performed up to a time step of 2 16 ¼ 65536. In the nonlinear calculation, the transmitted light through the PC is evaluated as the energy of an optical pulse, which is obtained by integrating the optical power passing through line B in Fig. 1 with respect to time. In the linear calculation, the transmitted light is evaluated by the Fourier spectrum of the optical field on line B. In the calculation of transmission spectra, the reference light is also evaluated on line B in a model without a PC. Figure 3 shows linear and nonlinear transmission spectra T calculated by the 2-D FDTD method and photonic band diagrams calculated by the 2-D plane wave expansion method. In the calculation of nonlinear spectra, various ð3Þ E 2 in are assumed, where E in is the pulse peak amplitude of E not measured in the PC but in between the excitation line and the input interface of the PC. In Fig. 3 , it is denoted as the increase in background index Án ¼ 3 ð3Þ E 2 in =2n. In this calculation, the intensity of the third order harmonic wave detected on line B is much less than À15 dB of the fundamental wave intensity, even for the largest Án. In  Fig. 3 , the harmonic waves are filtered out from each plot. On the other hand, n þ Án is assumed as the background index in the calculation of each band diagram.
Linear and Nonlinear Characteristics

Correspondence with photonic bands
First, one may expect the correspondence between a transmission spectrum and a photonic band. Although very rough correspondence is seen in Fig. 3 , the details do not necessarily correspond well with each other. One significant difference between them is that the transmittance is reduced by the nonlinearity in the overall frequency range higher than the photonic bandgap (PBG). This is thought to be due to the dependence of the nonlinearity on the transmittance itself. In the linear regime, there are some frequency ranges that show low transmittances. Two possible reasons for this are the PBG and the field mismatch between the incident wave and the Bloch wave in the PC. Figure 4 shows a band diagram in the À-X direction and corresponding magnetic field profiles of Bloch waves normal to the 2-D plane. Fields of bands 1, 2, 3, 5, and so forth are symmetric and those of band 4, and so forth are anti-symmetric against the propagation axis. The incident wave is completely mismatched with the latter bands (so-called uncoupled bands 16) ). At !a=2c ¼ 0:3{0:6, there are no significant PBGs and no such uncoupled bands isolated from coupled bands. Therefore, the main reason for the low transmittance is the reflection caused by the partial mismatch between the incident wave and coupled bands.
14) The transmittance of band 2 is high, since the parity of the field on a line across the direction of propagation is the same, as seen in Fig. 4 , and the mismatch is small. On the other hand, bands 3, 5, and so forth have the field with opposite parities, which causes the large field mismatch and reflection. This reflection weakens the optical intensity and the nonlinearity inside the PC, so the corresponding spectral change is small. In a high-transmittance frequency ranges, on the other hand, the internal intensity can be as high as or higher than in a medium without a PC. It allows a large nonlinearity and causes a large spectral shift. Thus, a low transmittance range overlaps the high transmittance range, and results in the low transmittance in the overall frequency range higher than the PBG.
Optimum bands for nonlinearity enhancement
Second, one may expect that the nonlinearity will be enhanced by the localization of light in the PC. It is observed in Fig. 3 that the spectral change by the nonlinearity is particularly evident near the X point of band 1, À point of band 2 and X point of band 5. These conditions can be explained by considering that the internal intensity is approximately proportional to Tðn g =nÞ 2 , where n g is the group index, which gives the velocity of light as v g ¼ c=n g , and is the time-averaged confinement factor of E 2 inside the nonlinear medium. Figure 5 summarizes these factors with photonic bands. All of the above band edge conditions provide very large n g over 100 and > 80%. Although T is less than À3 dB for the band edges of bands 2 and 5, the large n g 's finally enhance the nonlinearity significantly. Now, let us focus on the frequency near À point of band 2, which exhibits the enhancement in a relatively wide range of !a=2c ¼ 0:36{0:40. This À point is similar to the band edge of the second stopband in a 1-D PC, since band 2 is a simple zone-folded band in the À-X direction. In a 1-D PC, however, the enhancement range may not be so wide. At !a=2c ¼ 0:37{0:40, the group index n g of band 2 is 5 to infinity. Therefore, a large enhancement at !a=2c ¼ 0:40 is reasonable, but that at !a=2c ¼ 0:36 should be no larger than factor 1.5, as seen in the figure for Tðn g =nÞ 2 .
Regarding the enhancement at !a=2c $ 0:36, we rather consider the contribution of the large n g of band 3, which is zone-folded from the À-J to the À-X direction. The confinement factor of this band is less than 50%. The changing parity of the field, as shown in Fig. 4 , suggests the intrinsic low transmittance of this band. Even with these disadvantages, the large n g at !a=2c ¼ 0:36 may provide a large enhancement.
Nonlinear response
As expected from Fig. 3 , the transmittance is strongly reduced by the nonlinearity near À point of band 2. Figure 6 shows examples of the nonlinear response at !a=2c ¼ 0:38. Both axes are taken by assuming a ¼ 0:5 mm (corresponding pulse width ÁT ¼ 212 ps) and ð3Þ ¼ 1 Â 10 À18 m 2 /V 2 , as an example. The response denoted by circles exhibits strong saturation at the input pulse energy W $ 50 pJ (Án $ 0:1). Since the assumed frequency is not just at the band edge, the enhancement factor Tðn g =nÞ 2 is only $2. This pulse energy will be reduced to less than 1/10 at least by expanding the pulse width to 5 ps (Áð!a= 2cÞ ¼ 4:24 Â 10 À4 ) and adjusting !a=2c to the band edge of band 2.
A high transmittance of 73% is expected in the linear regime of W < 30 pJ. Previously, we reported the reduction of reflection at input and output interfaces by projection-type airholes, 14) as shown in the inset of Fig. 6 . In this figure, we assume the projection length b to be 3.5 times the airhole diameter 2r to minimize the reflection at ! 0 a=2c ¼ 0:38. As a result, the transmittance in the linear regime is improved to 88%.
Phase change
The phase change Á by the nonlinearity is important, if one aims at interference-type switches and modulators. In the assumed model, Á is expressed as 9 ffiffi ffi 3 p Ánð!a=2cÞ, if there are no Bragg scatterings in the PC. Figure 7 shows Á, which is observed on line B behind the PC with projection-type airholes of b=2r ¼ 4:0. The gradual increase in Á for a larger Án and for a higher !a=2c is reasonable. However, the calculated value is slightly less than the expected value, as indicated by the dotted line (expected) and the dash-dotted line (calculated) for Án ¼ 0:161 as an example. This result is understood from the enhancement factor in Fig. 5 . It is less than 1 in wide frequency ranges except for band edges due to the absence of the nonlinearity in airholes. At band edges, Á is increased, but the enhancement is by a factor of 2 at the highest. Even considering the short input pulse with the wide spectrum, this value is low. For this result, we consider that the spectral shift sensitive to the phase change in the PC decreases the transmittance and damps the further enhancement of the nonlinearity. This explanation is understood from Fig. 3 and further ensured from the relatively large phase shift in Fig. 7 , which is calculated against larger Án at frequencies slightly shifted from band edges. Therefore, the phase change in the PC is difficult to use in simple interferencetype devices.
3-D FDTD Calculation for PC Slab
As a realistic 2-D PC structure, one can assume the PC slab, in which airholes are arranged in a high-index thin slab sandwiched by low-index claddings. 4) In this structure, the À point of band 2 lies in the leaky mode region above the light line. Therefore, the leakage loss must be investigated to discuss the feasibility of this structure in actual applications. Figure 8 shows the photonic band and linear transmission spectra both calculated by the 3-D FDTD method. To save calculation time, the pitch a and the slab thickness t are described by 24 and 12 Yee cells, respectively. The slab index is 3.5 and the ratio 2r=a is 0.54. Each thickness of air layers sandwiching the slab is described by 80 Yee cells. Upper and lower boundaries of the analytical space are terminated by the PML condition. Other terminations are the same as those in the 2-D calculation.
The transmittance at !a=2c ¼ 0:38 for the normal PC slab is as high as 66%, i.e., only a 7% reduction compared with that for the 2-D model. This high transmittance is attributed to the symmetric profile of the in-plane E field uncoupled to radiation modes at À point of band 2.
17) Similar to the 2-D case, the transmittance is affected by the reflection loss. It is improved to 93% by introducing projection-type airholes of b=2r ¼ 3:5 for both interfaces of the PC, as shown by the solid curved in Fig. 8 .
Conclusion
The numerical calculation of linear and nonlinear characteristics of a 2-D PC composed of optical Kerr medium showed a strong saturation of the response. Such a nonlinear characteristic is enhanced by anomalously large group indexes at band edges. The significant increase in group index always has a trade off relationship with the narrow spectral bandwidth (or long pulse width in other words). However, beyond this limit, a nonlinear enhancement on some level is estimated in a spectral range as wide as 10% of the center frequency near the À point of the second photonic band. This is due to the mixed effect by bands 2 and 3, which is a unique property of a 2-D PC. This condition also allows a high transmission efficiency of 93% in the linear regime even in a realistic PC slab with the help of projection-type airholes at input and output interfaces of the PC.
The result also showed a relatively small phase shift. This suggests that the nonlinear PC is more suitable for using as a light intensity control device such as a power limiter, an optical switch, and so forth. The saturated characteristic is equivalent to the superlinear reflection characteristic. Therefore, the combination of two PCs, one used for the power limiter and one for the nonlinear reflector, will provide a digital response applicable for pulse reshaping. Yokohama National University, for valuable discussion. This work was supported by Grant-in-Aid #10210203 from the Ministry of Education, Culture, Sports, Science and Technology and by CREST #530-13 of Japan Science and Technology Corporation.
